
Stat 61S: Assignment 3 due Friday, Sept. 18.

1. The Cauchy cumulative distribution function is

Fx(x) =
1

2
+
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π
arctan(x), −∞ < x <∞

where arctan is the inverse of the tangent function (if y = arctan(x), then tan(y) = x).

a) Show that this is a CDF.

b) Find the corresponding density function and sketch it.

c) Find x∗ such that P (X > x∗) = 0.1.

2. The Beta distribution is family of distributions defined on the interval [0, 1] and is useful for
modeling probabilities (e.g.). The Beta(a, b) pdf is given by

fx(x) =
Γ(a+ b)

Γ(a)Γ(b)
xa−1(1− x)b−1, 0 < x < 1.

a) Sketch the Beta(2, 2) density and verify that it is a pdf.

b) Derive the CDF for the Beta(2, 2) distribution.

c) For X ∼ Beta(2, 2), find P (0.2 < X < 0.5).

3. Suppose that in a certain population, individuals’ heights follow a Normal distribution with
parameters µ = 70 inches and σ = 3 inches.

a) What proportion of the population are over 6 feet tall?

b) What proportion of the population are between 5 feet and 6 feet tall?

c) What is the distribution of heights if they are measured in centimeters?

4. If X ∼ N(µ, σ2), show that P (|X − µ| < 0.675σ) ≈ 0.5. The 1st quartile of a distribution
Q1 is the value that marks the 25th percentile of the distribution (so the area under the pdf
below Q1 is 0.25) and the 3rd quartile Q3 is the point that marks the 75th percentile (so the
area under the pdf above Q3 is 0.25). Use your result to report the 1st and 3rd quartiles of
the height distribution in the problem 3.

5. If X ∼ N(µ, σ2), find the value c in terms of σ such that P (µ − c < X < µ + c) = 0.95.
For the heights distribution in problem 3, report the range of heights that include the middle
95% of the population.



6. If you flip a fair coin independently n = 100 times and define X be the count of heads,
then the distribution of X is exactly Bin(100,0.5). It is also approximately N(50, 52). The
approximation is improved if you acknowledge the discreteness of X and use the continuity
correction (see the notes for class 6).

a) Use the Normal approximation with the continuity correction to approximate P (X =
50). The exact Binomial probability is 0.07958924. Note that the approximation is
accurate to four decimal places.

b) Use the Normal approximation with the continuity correction to approximate P (X ≤
45). The exact probability is 0.1841008, and you should again see accuracy to 4 decimal
places.

7. Suppose U ∼ Unif(0, 1).

a) Find the pdf for X =
√
U .

b) Find the pdf for V = 2U − 1.

c) Find the pdf for Y = V 2, for V defined in part b.

8. Consider the Gamma(α, λ) density described in Rice section 2.2.2.

a) Show that the Gamma density integrates to 1 (hint: recall the definition of the Gamma
function).

b) If α > 1, show that the Gamma density has a maximum at (α− 1)/λ (hint: it is easier
to work with the natural logarithm of the density).

c) For a Gamma density with 0 < α ≤ 1, where is the maximum value?

9. Suppose X ∼ Gamma(α, λ).

a) Show that the Exponential distribution is a special case of the Gamma distribution (i.e.,
give restrictions on the α and/or λ parameters that result in a Gamma pdf that is also
an Exponential pdf).

b) Let Y = cX for some constant c > 0. Show that Y follows a Gamma distribution and
show that only λ is affected by this transformation, which is justification for calling λ a
scale parameter.

10. A particle of mass m has a random velocity V ∼ N(0, σ2). Find the pdf for the energy
Y = 1

2mV
2. Show that this is a Gamma pdf and identify the parameters α and λ.


